Abstract : Cherenkov images are multi-fractal in nature. We show that multi-fractal behaviour of Cherenkov images arises due to binomial multiplicative nature of pair production and bremsstrahlung processes in the longitudinal shower passage.
vations. Fractals are defined in terms of Hausdroff-Bescovitch dimensions [8] . Fractal dimensions characterize the geometric support of a structure but can not provide any information about a possible distribution or a probability that may be part of a given structure. This problem has been solved by defining an infinite set of dimensions known as generalised dimensions which are achieved by dividing the object under study into pieces ,each piece is labeled by an index i=0,1,2....N. If we associate a probability p i with each piece of size l i than partition function [9] can be defined as Γ(q, τ ) = lim l→0 Γ(q, τ, l)
where
For unique function τ (q) it has been shown that
forτ < τ (q) Γ(q, τ ) = 0 (4) for τ > τ (q). This permits to define generalised dimension D q
Here q is a parameter which can take all values between -∞ to ∞. This formalism is called as multi-fractal formalism which characterizes both the geometry of a given structure and the probability measure associated with it. In this paper we will attempt to understand underlying process responsible for multifractal behaviour of Cherenkov images. Shower development as a multifractal process:
A ultra relativistic γ-ray enters atmosphere from the top and interacts with air molecule to produce electron-photon cascade . The radiation length(x) for pair production and bremsstrahlung process is equal in UHE/VHE region [10] . Particle -photon cascade in the atmosphere is sustained alternately by electron (e − ) -positron (e + ) pair production and bremsstrahlung process till the average energy per particle reaches critical value E c below which energy loss process is mainly dominated by ionisation .
Shower development can be visualised a process in which a γ-ray of energy E after traveling distance x (on average) produces electron-positron pair each having energy
Since energy is getting divided into two equal parts , we can attribute a resolution of energy E 0 =2 −1 . In the next radiation length both electron and positron lose half of their energy (on average) and each radiates one photon. Thus in this radiation length there are two photons and two particles (e −1 and e +1 ) each having energy ) is same as fraction of particles ( p 2 = 1 2 ). As the shower develops into next radiation length both electron and positron lose half of their energy and produce one photon each. At the same time two photons produced in the previous radiation length interact with air molecule to produce electron (e − ) -positron (e + ) pair. Thus in third radiation length there are two photons and six particles each having energy E 8 . This stage can be attributed to the energy resolution E 0 =2 −3 . It is important to note that, at this stage the process of equal division in energy between each photon and each particle continues but the process of unequal measure between photons and particles begins. In this radiation length the fraction of photons is p 1 = . At a distance of nx , the total number of particles and photons is 2 n , each having average energy E 2 n and on an average shower consists of fraction of photons even at nth stage [10] . This corresponds to energy resolution of E 0 =2 −n . At nth stage each particle or photon can be labelled sequentially with i=0,1,2,..... The probability or fraction of particles and photons can be written as p i =p
. The partition function for finite energy can be written as
where N i is the number of particles and photons each with energy E i .
For the simplicity of calculations, we assume that incoming energy E is equal to unit energy. This will not make any difference in actual results but rather integrate it with other classical examples of multifractal behaviour , e.g. curdling of cantor set [9] . With this assumption energy of each particle or photon at nth stage will be 2 −n instead of E 2 n . On average shower development process has a recursive structure similar to cantor set [9] because both processes are inherently binomial multiplicative in nature. For τ =τ (q), we have Γ(q, τ (q), E) = 1
Let us now compare nth stages of shower development process and cantor set. At nth stage of generation, a two scale cantor set ( of lengths l 1 , l 2 ) with measure generated by binomial multiplicative process (with probabilities p 1 and p 2 ) has n k segments of length l k 1 l n−k 2 and probability p i =p 1 k p 2 n−k , the parition function can be written as [9] Γ(q, τ, l) =
This equation gives multifractal measure of a cantor set having unequal division in lengths (l 1 = l 2 ) for unequal probabilities (p 1 = p 2 ). However, in the process of shower development there is equal division of energy (
2 ) at all stages but unequal probability (p 1 = p 2 ). Putting l 1 ,l 2 = E , in equation (8) we have, In the limit of E → 0, the most dominant contribution to this partition function will survive when τ =τ (q) , where τ (q) is the solution of the equation
Above equation can be easily solved to get τ (q). In general it can be shown
In the present case energy E =
. Using equations (5) and (10), we have
For q=0, D 0 gives fractal dimension. For q=1, D 1 is the information dimension which encodes the entropy scaling and q=2, D 2 is the correlation dimension which measures scaling of two point density correlation. Apart from D 0 ,D 1 ,D 2 there are infinite set of other exponents from which information can be obtained by constructing an equivalent picture of the system in terms of scaling indices 'α' for the probability measure defined on a support of fractal dimension f(α). This is achieved by defining probability measure p i in terms of α. It has been shown that
f(α(q)) is the fractal dimension of the set.
Discussion:
As VHE/UHE γ-ray enters atmosphere from the top, it produces e − , e + pair in the radiation length. In this radiation length no photon is produced.Energy of γ-ray gets equally divided and probability (population ) of e − and e + is also equal and two cherenkov photons are produced. In the next radiation length two particles and two photons are produced. Here again energy is equally divided and probability of (population) particles and photons is also equal. This is a perfect example of 'fractal' behaviour. A situation which involves neither a probability variation nor energy variation gives a fractal behavior. In this case all D q 's are equal to fractal dimension D 0 and f(α) spectrum collapses to a point f= α=D 0 . However, in the third radiation length though energy gets equally divided but probability of particles and photons differ. Because of this unequal probability of populations in third radiation length, "multifractal'" process starts. From third interaction onwards to the level of critical energy ,on average ,division of energy is equal but probability continues to be unequal. Thus after third interaction multifractal process completely takes over.
In this studies we are considering division of energies in terms of particles and photons because the appearance of particles in any radiation length means production of Cherenkov radiation and appearance of photons in any radiation length means absence of production of Cherenkov radiation in that radiation length. The presence of unequal number of particles and photons in any radiation length gives rise to multifractral behaviour because Cherenkov image formed on a telescope is actually superimposition of Cherenkov photons produced at different heights . Multifractal measures are associated with distribution of data on a geometrical support. This support may be ordinary plane surface, photo multiplier tube (PMT) camera or fractal itself.
Cherenkov images produced by proton and other high Z nuclei (like Ne,Fe) are also multifractal in nature. Proton showers develop deep into atmosphere and have large transverse development all along their longitudinal path. Neutral pions in proton shower, decay to produce two γ-rays which interact with air molecule through electromagnetic interaction and a cascade is produced which is similar to γ-ray induced shower. Charged pions decay to charged muons which may reach ground level (if sufficiently energetic ) to produce local cherenkov radiation. Showers induced by high Z nuclei( e.g. Ne, Fe) have larger transverse momentum and large content of muons. However, in all cases major contribution to the content of cherenkov images comes to particle photon cascade because of which Cherenkov images produced by γ-rays or any high Z nuclei are multifractal in nature.
Extensive Air Showers (EAS) can also be studied by measuring charged particle (electron,muon) density distributions on the ground. It has been shown by Kempa [11] that multifractal structures of density fluctuations of charged particles near the EAS can be used to distinguish individual simulated showers originating from γ-rays and hadron content of the cosmic rays. Multifractal nature of density fluctuations has been experimentally verified and Lipshitz-Holder exponent distribution of EAS has been found to be sensitive parameter to identify the nature of individual EAS [12] . The method of multifractal moment analysis was applied to simulated data as 'observed' by KASCADE experiment to distinguish EAS lateral distributions due to various type of primaries [13] . The fractal moments are a part of the sample of observables used for KASCADE data analysis [14] . We believe that multifractal nature of EAS observed by particle detectors can also be explained by inherent binomial multiplicative nature of particle photon cascade. * This paper is dedicated to the memory of late Dr. C.L.Bhat. He used to ask me, " Why are Cherenkov images multifractal ?". When we probably know the answer, he is no more. He died in a tragic road accident on 17th of December,2001.
